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ABSTRACT 


A theoretical  Btudy  has  been  made  of  the  behavior 
of  a recently -proposed  relay  servomechanism  in  which 
the  sense  of  the  torque  applied  to  the  output  shaft  is 
determined  by  a comparison  of  the  error  and  the  square 
of  the  error  rate*  Response  time,  Integrated  absolute 
error,  and  integrated  squared  error  for  a step  input 
are  used  to  measure  the  degradation  of  the  response  as 
a result  of  vieoous  or  Coulomb  friction,  or  imperfect 
design  of  the  switching  device.  It  is  concluded  that 
moderate  amounts  of  friction  or  slight  errors  in  the 
switching  device  can  be  tolerated  with  only  a small 
sacrifice  in  the  performance* 
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Relay  servomechanisms  have  been  used  . and  studied  * for 
a number  of  years.  7n  the  usual  system,  the  sense  of  the  torque 
applied  to  the  output  shaft  Is  controlled  by  a relay  whose 
operation  is  based  on  the  sign  of  the  error.  Stfoh  systems  can 
be  mado  small  and  simple,  but  have  a tendency  to  oscillate  act 
small  amplitudes  if  the  system  has  moderate  amount c of  dead 
space,  backlash,  friction,  or  time  lag.  Linear  lead  networks, 
which  make  the  torque  dependent  on  both  error  and  error  rate, 
have  been  used  to  combat  these  detrimental  effects. 

McDonald®'10,  Hopkin11,  and  others1,2  have  recently  proposed 
that  the  usual  relay  system  be  modified  by  the  substitution  of 
a nonlinear  lead  network  or  ' anticipator"  for  the  conventional 
linear  lead  not  work.  In  the  proposed  system,  the  sense  of  the 
torque  la  based  on  a comparison  of  ths  error  and  the  square  of 
the  error  rate.  For  a step  input  and  neglecting  all  friction 
torques,  this  system  uses  maximum  accelerating  torcue  until  the 
error  1b  reduced  to  half  of  its  original  value  and  maximum 
decelerating  torque  until  the  error  is  reduced  to  zero. 

The  proposed  system  is  an  "optimum"  system  since  it  givoo 
the  minimum  response  time  possible  with  tho  specified  inertia 
and  maximum  V.roue,  Because  the  response  time  varios  as  the 
square  root  of  the  initial  error  and  the  description  of  the 
roeponoe  to  a step  input  does  not  furnish  a precise  statement 
of  the  response?  ior  other  inputs,  the  system  must  be  considered 
nonlinear. 
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In  linear  systems,  alight  errors  in  the  values  of  any  of 
the  system  parameters  produce  only  slight  variations  in  the 
character  of  the  response.  This  common-sense  observation  is 
based  on  a theorem  in  mathematics  which  states  that,  under 
certain  conditions,  the  solution  of  a differential  equation 
is  a continuous  and  differentiable  function  of  any  parameter 
in  the  equation1^.  .Vhile  the  equations  of  linear  servomechanisms 
meet  the  conditions  of  the  theorem,  the  equations  of  off -on 
systems  may  not.  For  this  reason  it  seems  desirable  to  oxaralne 
somo  of  the  assumptions  on  which  previous  analyses  of  the 
proposed  optimum  system  have  been  based,  in  order  to  determine 
whether  the  parameters  of  this  system  are  critical  and  whether 
differences  between  theory  and  practice  might  have  serious 
consequences. 

The  investigations  to  be  described  are  concerned  with 
variations  of  this  system  due  to  friction  or  improper  design 
of  the  nonlinear  antdolpator.  Those  Bystems  are  called  "nearly 
optimum"  syetems  b&cauao  they  become  "optimum"  in  the  absence 
of  friction  or  de foots  in  the  anticipator. 

Sgasaoflg. . ErAtecifl 

Several  criteria  have  been  used  to  measure  degradation  of 
the  response  duo  to  imperfections  in  the  system. 

The  speed  of  response  to  an  abrupt  chango  in  the  input 
signal  is  an  Important  characteristic  of  a control  system,  in 
linear  systems,  the  response  time  for  a step  disturbance)  Is 
defined  somewhat  arbitrarily  as  the  time  required  for  the 


error  to  become  and  remain  less  than  a specified  fraction, 
usually  a f e / hundredths,  of  the  initial  magnitude11* • This 
sort  of  definition  is  perfectly  satisfactory  for  linear  systems 
whose  behavior  is  usually  given  in  rondloenulonal  variables, 
Independent  of  the  input  magnitude. 

This  definition  is  not  particularly  useful  in  nonlinear 
systems  where  the  character  of  the  response  may  vary  widely 
with  changes  In  the  input  magnitude  and  the  error  may  actually 
become  zero  in  a finite  time*  In  the  following  investigations, 
the  rosponso  time  is  defined  as  the  time  required  for  the  error 
to  become  zero  (if  this  tine  is  finite)  or  11  negligible" , which 
Is  interpreted  as  too  small  to  be  detocted  on  a graph*  The 
variation  of  response  time  v/lth  input  magnitude  and  system 
parameters  io  considered* 

Ambiguiuieu  in  the  definition  cf  response  time  can  be 
avoided  by  tho  use  of  other  criteria,  such  as  the  integrated 
absolute  error, 


or  the  Integrated  squared  error, 


Those  integrals,  *./hich  also  depend  on  the  input  magnitude  and 
the  system  parameters,  are  finite  even  ./hen  the  error  takes 

an  infinite  time  to  become  zero.  Both  integrals  have  been  used 

in  theoretical  and  experimental  studies  of  servomechanisms, 

1^-17 

linear  and  nonlinear'1-'  1 • 
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THE  IDEALIZED  SYSTEM 


To  provide  a standard  to  which  the  nearly  optimum  systems 
can  be  compared,  the  theory  of  the  proposed  optimum  system  will 
be  reviewed  and  the  various  performance  criteria  applied  to  it* 

axgtaBL  jjgm&Afiaa 

The  load  presented  to  the  motor  by  the  output  shaft  is 
assumed  to  be  an  inertia  load,  and  all  friction  torques  are 
ignored*  The  motor  delivers  a torque  which  is  either  constant, 

± Tm,  or  zero*  The  response  of  the  system  to  a step  input  is 
then  determined  from  the  equation 

J e = ± Tm  (1) 

where  e is  the  error,  dots  denote  differentiation  with  respocu 
to  time,  and  the  sign  of  the  torque  depends  on  e and  e in  a 
manner  to  be  described*  This  equation  may  be  integrated  direotly 
to  obtain  the  error  rate 


and  tho  error 

a = S2  + Kx  t 1 -|a-  t*  (3) 

as  functions  of  time,  where  and  K2  are  constants  whlah  depend 
on  the  initial  conditions* 

The  output  shaft  is  assumed  to  be  stationary  ./hen  the  step 
input  Is  applied*  Because  of  its  inertia,  the  velocity  of  the 
output  shaft  cannot  change  instanteously , and  the  Initial  error 
is  therefore  equal  to  the  magnitude  of  the  step  input.  For  the 


* 


acceleration  interval,  the  initial  conditions  are  therefore 
e(0)  = 0 and  e(0)  = e0,  and  the  equations  of  motion  are 

O = - -jl_  t (4) 

• = «o  - -af-  t2  (5) 

At  a time  t^,  the  error  la  "reduced  to  half  its  original  value, 
the  torque  is  reversed  by  the  action  of  the  nonlinear  entlolpator, 
and  the  equations  for  the  subeoquent  interval  are 


e = 2 6q  2^ — y~/®o  ^ ♦ ■" '"j""  ^ _ (8) 

= (t2  - t)2  (9) 


In  Sea.  (7)  and  (9),  to  is  the  time  required  for  the  error  to 
become  zero  or  the  response  time.  Plots  illustrating  those 
relations  are  given  in  Fig.  1(a).  A family  of  curves  for 
different  values  of  eQ  Is  given  in  Fig*  1(c);  similar  curves, 
baaed  on  experimental  data,  arc  given  by  McDonald10  and  Hcpkin11. 
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The  switching  time,  t , can  be  found  by  substituting 
e - 9^2  in  Sq.  (5);  the  rosult  la 


(10) 
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The  response  time,  t^,  oan  be  fmmd  fro®  Sq*  (8)  or,  more 
•Imply,  by  noting  that 


(11) 

(12) 


It  can  be  seen  by  inspection  that  the  integrated  absolute 
error  la 


JL. 

2 
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The  integrated  squared  error,  somewhat  more  difficult  to 
evaluate,  turns  out  to  be 


(13) 


* ■ -8-RF  «.** 


(14) 


All  three  measures  of  response  are  functions  of  as 

would  be  expected,  end  a power  of  e0  which  ia  consistent  with 
dimensional  requirements.  </lth  the  torque -to -inert  la  ratio  and 
initial  error  given  in  any  consistent  set  of  units,  the  response 
time  and  integrated  absolute  and  squared  error  can  be  computed 
directly  from  those  equations.  Knowing  the  variation  of  these 
quantities  with  initial  error,  the  values  for  any  other  initial 
error  ore  readily  detemined. 


Switching; 

To  simplify  future  graphical  wori:,  it  has  been  assumed 
that  Tm  = 1 and  J = 1,  with  the  roault  that  4 varies  directly 
with  t and  a varies  as  t2/2.  This  assumption  is  equivalent  to 
a change  of  variable  whioh  con  be  made  definite  if  the  need 
arises* 

.Vlth  the  substitution  of  these  numerical  values,  the 
error  oan  be  written 


e 

for  0 <^t  < t^,  and 


(15) 


for  tjL<t  <t2*  These  equations  are  the  basis  of  the  phase- 
plane  plots  given  in  Fig.  2.  It  will  be  observed  that  all  of 
the  trajectories  coincide  approaching  the  origin;  3q.  (16) 
therefore  gives  the  values  of  e and  e at  the  time  of  torque 
reversal  and  divides  the  phase  plana  into  regions  of  positive 
and  negative  torque*  Points  above  or  to  the  right  of  this 
curve  correspond  to  negative  torque,  and  points  'i'oIow  or  to 
the  left  correspond  to  positive  toi'que.  Tho  curve  appears  only 
in  the  second  and  fourth  quadrants,  and  is  symmetrical  about 
the  origin. 

In  general  terns,  the  equation  of  the  torcue -reversal 
curve  (in  tho  fourth  quadrant)  Is 


e 


2 

s 


(17) 


where  "s'*  denotes  a switching  point*  Tho  function  of  the 
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nonlinear  anticipating  network  is  to  compare  i2  vith  tho  proper 
multiple  of  e,  thereby  determining  the  poaltion  of  the  system 
with  resnoot  to  the  boundary,  and  supply  a signal  to  the  relay 
'•'•tch  will  result  in  the  proper  torque.  The  physical  network 
oan  take  a variety  of  forms®*10*11. 

II,  COULOMB  FRICTION 

Previous  studies  have  not  considered  the  possible  effects 
of  accidental  Coulomb  or  vlsoous  friction,  although  McDonald® 
suggests  the  deliberate  use  of  Coulomb  friction  to  assist  in 
the  decelerating  process.  Vhile  it  would  be  possible  to  study 
the  behavior  of  the  system  with  friction  and  the  original 
switching  procedure,  it  seems  more  fruitful  to  consider  changes 
in  the  phase-plane  boundary  which  will  minimize  the  effects  of 
friction.  As  will  be  pointed  out,  a slight  change  in  the  shape 
or  location  of  tho  torque-reversal  curve  will  preserve  the 
desirable  features  of  the  original  system  with  little  sacrifice 
in  performance. 

friUatlgflfl 

If  motion  of  the  output  shaft  is  opposed  by  a woulomb 
friction  torque  Tf  which  is  independent  of  velocity,  the  net 
accelerating  torque  is  decreased  but  the  decelerating  torque  *" 
is  increased.  The  motion  la  atill  described  by  2co.  (2)  and  (p)» 
except  that  Tm  must  be  re  5 laced  by  (Tffl  - Tf ) during  the  interval 
v/hon  tho  output  shaft  is  .'.easier at ing  and  by  (Ta  + Tf)  during 
the  interval  of  doooleratl  vu  To  obtain  tho  desired  type  of 
response,  switching  must  be  delayed  until  the  error  is  lees 
than  half  its  original  volu  , as  indicated  by  Fig.  1(b). 
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Switching 

The  error  and  error  rate  will  beoome  eero  simultaneously 
if  the  switching  ie  oarriod  out  in  such  a way  that 


% 


fen  - *fl  2 If 

V+Tf1 

LjJ  1,1  + si 

J j 

*J(t2  - Hr  = #c 


(18) 

(19) 


Equation  (18)  states  that  the  velocity  ie  continuous  at  t^,  and 
Sc..  (19)  states  that  the  total  motion  of  the  output  shaft  io  e0* 

To  satisfy  these  oonditions  for  all  initial  error  magnitudes, 
it  io  necessary  to  moke  the  switching  boundary 

Sfl2  - 2 Ttt  ?.Z.  (20) 

= 2 (1  + TjAb)  «*  (21) 

in  the  fourth  quadrant.  Comparing  this  equation  with  the  previous 
boundary.  So,  (17),  we  observe  that  they  are  identical  except 
for  the  factor  (1  + T */Tr ) . This  means  that  the  square  of  the 
error  rate  must  be  compared  with  a larger  multiple  of  tho  error; 
only  a slight  adjustment  of  the  nonlinear  network  is  required. 

Phase-plane  plots,  showing  the  new  loo at ion  of  tho  torque - 
reversal  curve,  are  shown  in  Figs.  3(a)  and  3(b)  for  Tj/Tm 
equal  to  0.4  and  0.8.  It  will  be  seen  that  the  switching  ourve 
is  oloser  to  the  vertical  axis,  reflecting  the  delay  in  switching, 
and  that  tho  maximum  velocities  are  reduced,  indicating  an 
Increase  in  re  a ponce  tlno. 
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time 


The  switcning  tiae  and  rosponse/may  bo  oalculated  from 


where,  for  brevity,  x = Tf/Tm,  Those  expressions  reduce  to  the 
friction- free  values  when  x = 0 and  become  Infinite  when  x = 1, 
as  expected*  Jhen  the  friction  torque  is  relatively  small, 
x«  1,  the  response  time  Is  approximately 

(1  ♦ -4p  ) (25) 

Tor  x = 0*2,  the  response  time  is  Increased  about  2 per  cents 
for  x = 0.8,  the  Increase  is  67  per  cent.  The  earns  values  may 
be  obtained  from  plots  of  error  as  a function  of  time,  lilte 
those  of  Fig*  4. 

That  a moderate  amount  of  friction  is  not  too  serious 
may  also  bo  concluded  from  consideration  of  the  Integrated 
absolute  and  squared  error,  although  these  integrals  increase 
more  rapidly  with  x than  the  response  time  does.  !3ome  messy 
but  straightforward  integration  and  algebra  establishes  that 
the  Integrated  absolute  error  is 
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and  the  Integrated  squared  orror  is 

*2  = S [i  - gif'  u*“x'a5-x2)  (27) 

These  equations  also  reduoe  to  the  correct  values  for  x = 0, 

p -1/2 

be o one  infinite  for  x = 1,  and  oontaln  the  factor  (1  - x_ ) 
whioh  appeared  in  the  equation  for  the  response  time*  The  two 
Integrals  each  contain  a seoond  factor  which  causes  them  to 
increase  rapidly  with  x.  Both  integrals  increase  about  5 per  cent 
for  x = 0.2  and  about  120  per  cent  when  x = 0*3* 

Logarithmic  plots  of  A-j  and  A2  as  functions  of  x and  eQ 
ore  given  in  Fig.  5;  the  curves  are  straight  lines  with  slopes 
of  3/2  and  5/2,  respectively.  Curves  showing  the  variation  of 
t2,  Alt  and  A2  with  x for  ft  fixed  e0  are  givon  in  Fig.  6. 

III.  VI0CGU3  FRICTION 

If  motion  of  the  output  shaft  lc  opposed  by  a viscous 
friction  torque  which  is  proportional  to  the  velooity,  new 
equations  are  needed  to  describe  the  variation  of  error,  with 
time  and  the  shape  of  the  torque -reversal  curve  must  be  changed 
for  optimum  performance. 

Considering  only  viscous  friction  and  inertia,  the  equation 
for  the  response  of  the  system  to  a step  input  is 

J e + f e ■=  * Tm  (28) 

where  f is  the  friction  coefficient  and  the  sign  of  the  torque 
will  again  depend  on  e and  e. 
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Ths  general  solutions  of  this  equation  are 

6 = tCl  ♦ H (59) 

8 = 1 fit  - Kj^t  o't/4K  ♦ K,  (30) 

whore  = .tffl.,  the  maximum  or  limiting  velooity; 

^ ^ f the  time  oonstontj 

and  K,  and  K2  depend  on  the  initial  conditions. 

For  the  same  initial  conditions  as  before,  the  error  rate 
ar.d  error  during  the  accelerating  interval  are 

e = . n,U  - (31) 

8 = 8„  -£lfc  + fix  U - o'^x)  (32) 

Evidently  the  error  rate  increases  exponentially  toward  the 
limiting  value  , while  tho  error  is  reduced,  slowly  at 
first  and  finally  at  a constant  rate*  As  in  the  previous  systems, 
it  is  proposed  to  raveree  the  torque  at  a time  t^  which  is 
ohosen  in  such  a way  that  tho  error  and  error  rate  become 
zero  simultaneously  at  time  t2.  The  oonplete  response  will 
then  be  as  shown  in  Fig.  6a,  which  may  be  compered  with  Figs. 

1(a)  and  1(b) » 

At  time  the  error  he *s  been  reduced  to 

e(t^)  = o^  - t^  + (33) 

and  the  error  rate  is 

e(tx)  = - p il 


(34) 
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where 


(35) 


and  represents  the  fraction  of  the  limiting  speed  whioh  la 
attained  b y the  output  ahaft  at  the  switching  point*  Equations 
(33),  (34),  and  (35)  provide  the  initial  conditions  for  the 
decelerating  interval  between  t^  and  t?. 

During  the  deceleration  interval,  the  equations  become 


e 

e 


xi  - (f*  “ %l)/x 

Xlt  - 2X1^  - fit 

♦ (jO+  UXVce"(t  " ti)/'t 


(36) 

(37) 

♦ 


Imposing  the  conditions  e(t2)  = 0,  ©(t^)  = 0,  to  obtain 
after  some  algebraic  manipulation  two  equations 

0 = JT,  - </»+l)A*'(t2  ~H)/X  ‘38) 

0 = S)j  (t2  - tx)  ♦ e0  (39) 

< 

which  are  analogous  to  £qa.  (18)  and  (19)*  lixoept  for  the  nature  J 
of  tho  ocmatlona,  it  v;ould  be  poaaible  to  aolve  3qe.  (35),  (38),# 
and  (39)  to  determine  jO  , t-,  and  t2  for  *ay  particular  eQ* 

It  is  much  more  convenient,  however,  to  consider  that  t^  la 
3iven.  Using  the  value  of  p computed  from  .Sq*  (33)#  we  find 
(t2  - ti)  from 

= i l¥j) 

P * 1 

'which  la  derived  from  3q«  (38)*  Tho  response  time  io  then 


♦ 


(41) 
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•nd  the  initial  error  is 

eQ  = 2At2  - ftt2  (42) 

Uotne  typical  response  ourvea  for  a system  of  thio  type  are 
given  in  Fig.  6B  for  T = 0 and  *£  = 1.  -hen  X is  made  zero  by 
eliminating  the  inertia,  switching  occurs  at  e - 0;  with  no 
inertia,  the  output  shaft  rotates  only  when  torque  is  applied 
and  comes  to  rest  immediately  when  the  torque  is  removed.  Tan 
switching  point  for  X = 1 occurs  at  relatively  small  values 
of  e,  increasing  to  e^  = 0.308  for  large  initial  errors. 

Phase-plane  plots  are  given  in  Fig.  6C. 

arltgMflg 

The  required  torque-reversal  ourve  in  the  pL  ^se -plane 
can  be  determined  numerically,  using  Eqa.  (33)  and  (34)  which 
give  the  ooordinatea  of  the  switohing  point  for  a particular 
value  of  eQ.  A more  direct  method  Is  obtained  by  recognizing 
that  the  switching  boundary  is  also  a particular  trajectory 
of  the  system,  passing  through  the  origin.  Noting  that  the 
torque  in  positive  along  this  ourve,  we  return  to  i£cs.  (29) 
and  (30),  substitute  the  conditions  e(0)  = 0 and  e(0)  = 0, 
and  obtain 

e,  = Si  (1  - (43) 

•B  = At  - Ax  (1  - ) (44) 

Eliminating  t,  we  obtain 

•a  = -lit  [l  ' -j£-]  * 't6. 


(45) 


15  - 


aa  the  required  relation  between  e8  and  e#.  The  boundary  for 
the  fourth  quadrant  is  obtained  by  substituting  negative  values 
of  eQ;  the  boundary  in  the  second  quadrant  is  obtained  from 
symmetry  considerations* 


Inasmuch  as  no  analytic  expression  for  the  response  time 
is  available,  we  will  settle  for  a discussion  of  limiting  oases 
and  a graph  obtained  from  numerical  calculations. 

If  the  Initial  error  Is  small,  the  maximum  velocity 
attalnod  will  also  be  small  and  the  friotlon  term  will  bo 
relatively  ineffective.  The  behavior  of  the  system  is  then 
eesentlolly  that  of  the  idealized  system  without  friction* 

This  expectation  can  be  verified  in  tv/o  ways. 
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./hen  eB/il1  ia  small  enough,  wo  can  use  the  relation 


ln(l  - X)  = - r 

to  reduce  3c.  (45)  to 


x + 


♦ £1 

3 


3 * 


■] 


’s 


- * rfe  + ] - xiB 


=»  jt  • a 

2357  a 


9f  JL  4 ‘ 

2.TL  B 


(46) 

(47) 

(48) 


This  oquatlcr.  is  the  same  as  3q*  (17)  which  described  the  torquo 
reversal  curve  of  the  optimum  system  discussed  originally. 


When  the  initial  error  le  small,  the  response  time  of 
the  system  with  visoouo  friction  is  essentially  the  seme  as 
the  responao  time  of  the  system  /lthout  friction.  »hen  eQ  Is 
small,  the  maximum  veloolty  attained  is  computed  from 


Using  jBq.  (40) , v/e  then  have 


(49) 


e“(t2  ” tl)/t  = 

1 

1 ♦ tj/t 

(51) 

1 • * ♦ 14-t 

(52) 

Expanding  the  exponential  function  in  a series  and  talcing 
only  tvxo  terms,  we  gat 

%2  ' tl  ^ 

X 

"x" ' 14-1 

or  t2  £ 

2t,  - — 1— 

1 t 

(53) 

Substituting  Eq.  (53)  into 

Sc.  (42),  we  finally  obtain 

°o  3 

Jl_  * 2 - _!a_t  2 
T‘i  - a h 

(54) 

or 


(55) 


whloh  is  identical  with  Sc.  (10).  Since  the  response  time  is 
nearly  2 t^,  it  folio /a  that 

n 

(56) 


*-•  “ i t 


— °( 


as  before 


- 1? 


Zf  the  initial  error  is  large,  it  is  convenient  to  write 
Sq.  (42)  In  the  form 


to  = 


eQ 

Jl 


2 (t2  - t,) 


(57) 


since  the  limiting  value  of  (to  - t^)  car  he  found  from  3q.  (40) 
by  taking  p = l,  This  substitution  gives 


e“(to  - t^)/t  = 1 


(58) 


or 


(t2  - tx)  = 0.693  X 


(59) 


For  large  initial  errors,  the  response  time  therefore  approaches 

ta  = it  «■  1.386T  (60) 

The  relations  are  summarised  in  Fig.  60  which  shows  the 
response  time  as  a function  of  initial  error.  A curve  for  the 
optimum  system  without  friction  is  given  for  comparison.  As 
predicted,  the  curve  for  *£  = 1 coincides  with  the  curve  for 
the  ideal  eyatera  for  initial  errors  less  than  about  one -half 
and  is  a linoar  function  of  initial  error  when  eQ  is  greater 
than  f.'o.  A system  with  no  inortia  (X  - 0)  la  superior  to 
the  ideal  system  for  initial  errors  less  than  four.  This 
result  nay  be  expected  from  the  foot  that  tho  inert i aloes 
system  roaches  its  maximum  velocity  Immediately  and  wasteo 
not  timo  In  aecoloration;  for  initial  orroro  groetor  than  four, 
tho  groater  maximum  velocities  which  are  possible  in  the  ldoal 
system  result  in  a smaller  rosronoe  time. 
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Curves  of  Integrated  absolute  and  squared  error  aa 
functions  of  toe  initial  error,  plotted  using  logarithmic 
coordinates,  are  given  in  Fig.  63.  The  dashed  curves  are 
for  the  optimum  system  without  friotion.  For  X » 0,  the 
ouxves  are  computed  from  the  equations 


(61) 

(62) 

(63) 


For  't  = 1,  the  curves  v/ero  obtained  by  numerical  integration 
from  the  computed  response  curves  of  (Fig.  6B. 

t 

The  integrated  absolute  or  squared  error  for  the  system 

I 

with  friction  and  inertia  is  always  greater  than  the  corres- 
ponding integral  for  either  (1)  a system  with  inertia  and  no 
friotion  (the  optimum  system  originally  considered)  or  (2)  a 
system  with  friction  and  no  inertia  ( '£  =0).  ^or  small 
initial  errors,  the  ourveB  for  the  system  with  % = 1 approach 
the  ourvoe  for  the  original  optimum  oyotom  -without  friction; 
for  large  initial  errors,  the  curves  arc  asymptotic  to  the 
curvoo  for  <X  — 0,  os  may  be  expected  from  the  nature  of  the 
response.  These  limiting  curves  ovidontly  supply  lower  bounds 
for  tho  integrals  and  indicate  the  best  possible  performance 
to  be  expected  from  a given  motor*  Any  method  of  control  other 
than  the  optimum  switching  methods  v/ill  result  in  poorer 
performance , shown  by  an  incroooo  In  the  integrated  absolute 
or  squared  orror  for  any  atop  disturbance. 
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Although  the  special  values  Tm  = J = f = 1 were  used 
to  compute  the  response  and  phase-plane  curves  presented  in 
this  section  of  the  report,  the  curves  for  ''£  = 1 nay  be 
treated  as  functions  of  dimensionless  variables*  To  apply 
these  results  to  other  systems,  it  is  only  necessary  to 
consider  that  time,  has  been  measured  relativo  to  X and 
error  rolatlve  to  At.  With  these  soole  changes,  the  curves 
apply  to  any  similar  system. 

Combined  Coulomb  and  Viscous  Friction 

If  the  proposed  optimum  eystem  is  subjected  to  small 
coulomb  ££  viscous  friction  torques,  redesign  of  the  nonlinear 
network  will  result  in  the  desired  type  of  operation  with  a 
moderate  sacrifice  in  performance,  as  has  been  indicated*  No 
studios  of  the  effects  of  combined  coulomb  and  vIbcous 
friction  have  been  mads,  but  additional  degradation  of  the 
response  is  to  be  expected* 

Sffecta  of  simultaneous  coulomb  and  viscous  friction 
oon  be  minimised,  however,  by  a suitable  selection  of  the 

torque-reversal  curve  and  the  corresponding  nonlinear  network. 

12 

As  already  noted  , the  torque -reversal  curvo  must  be  a 
trajectory  of  the  system  for  the  deceleration  condition, 
passing  through  the  origin.  For  this  oaae,  the  required 
curve  can  be  computed  by  substituting 

Cl  = 

= Cl  (i  + x)  (g5) 

for  Cl  in  Sc*  (45). 


r.\  3v»rrcniwc#  srrohs 


Hopikin11  describes  two  methods  for  converting  the 
theoretical  torque -reversal  curve  into  a physical  switching 
device*  In  one  method  the  phase -plane  plot  is  reproduced  on 
the  face  of  a oathode-ray  tube  in  -which  the  horizontal  and 
vertical  deflections  of  the  beam  depend  directly  on  the 
error  and  error  rate*  An  opaque  mask  covers  the  region  on 
one  side  of  the  torque -reversal  curve,  and  a photocell 
determines  from  tho  location  of  tho  spot  whether  positive 
or  negative  torque  is  required.  This  scheme,  which  permits 
any  required  torque -reversal  curve  to  be  easily  realized, 
is  bulky  and  compile at od. 

More  commonly10”12,  switching  is  carried  out  physically 
by  comparison  of  two  voltages,  one  proportional  to  tho  error 
and  tho  other  proportional  to  a nonlinear  function  of  the 
error  rate*.  The  nonlinear  function  is  generated  by  biased- 
diodo  networks  whose  design  is  based  on  Sc*  (17)* 

In  previous  investigations  this  network  has  been  made 
to  produce  a close  approximation  to  the  desired  switching 
procedure,  aa  determined  by  direct  measurement  and  also  by 
observation  of  the  overall  transient  behavior  of  the  system* 
No  detailed  study  has  boon  made  of  the  required  accuracy  of 
this  approximation.  Since  a rather  poor  approximation  might 


*Th©  rovoroe  process,  using  a nonllnonr  function  of  error 
and  a voltago  proportional  to  error  rate,  hc.3  also  boon 

UoaU  • 
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give  satisfactory  results  and  be  much  easier  to  realize, 
a study  of  the  offsets  of  improper  e witching  'was  made. 

For  simplicity,  f riot  ion  torques  ore  ignored  or  A 
switching  is  assume*  o be  instantaneous.  The  system 
considered  is  the  system  proposed  by  McDonald  and  Hopkln, 
except  that  the  torque -reversal  curve  does  not  ooinolds 
with  the  correct  ourve  given  by 


(17) 


aquation  (17),  which  gives  the  torque-reversal  curve  in  the 
fourth  quadrant  of  the  phase  plane,  may  be  written 


to  include  both  the  second  and  fourth  quadrants.  The  torcue- 
reveroal  curves  which  have  been  studied  are  general  1 zat ions 

of  Sq.  (6$)  and  are  expressed  as 

\ 

The  coefficient  "k"  may  be  said  to  control  the  " looation" 
of  the  torque -reversal  curve,  while  the  exponent  V"  governs 
the  "shape"  of  the  curve.  Tho  correct  values,  glvon  by  Sc,  (66), 
are  k = J/2Tm  and  o<  = 2.  For  convenience,  "location"  and 
"shape"  errors  oro  conol&ored  separately. 


o<-  1 

(67) 


» 


V.  BOUNDARY  LOCATION 


gsa&gBLgsaaUgsa. 

To  examine  the  effect b of  varying  k,  it  is  assumed 
that  oc  = 2.  The  torque -reversal  curve  in  the  fourth  quadrant 
is  therefore 

eB  = k ea2  (68) 


Letting  Tm  = J =1,  as  before,  the  correct  coefficient  is 
k = 0.5-  If  the  actual  k is  greater  than  the  correct  value, 
the  torcue -reversal  curve  moves  closer  to  the  horizontal 
axis  of  the  phase  plane  and  "early”  switching  results. 
3maller  values  of  k move  the  curve  toward  the  vertical  axis 
and  cause  "late"  switching,  with  consequent  ovorshoot  or 
oscillation. 

The  discussion  of  the  switching  process  is  simplified 
by  use  of  a parameter  r,  defined  by 


r = 


e. 


(69) 


^/horo  e^  is  the  error  at  the  tlmo  t^  /hen  the  first  switching 
takes  place.  The  parameter  r is  a function  of  k but  does  not 
depond  on  ec.  Sarlv  switching  corresponds  to  r > 0.5,  ‘/hile 
late  sv:  itching  means  r < 0.5|  the  tv.'o  cases  require 
different  treatment • 

In  all  cases,  the  error  is  given  by 


e = 


e. 


•2 

e* 


(70) 


for  0 t < t^«  For  r ^ 0.5,  tho  point  in  the  phaso  plane 
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then  follows  the  torque -reversal  curve;  this  behavior  nay 
be  understood  by  reference  to  Fig.  7* 

The  dashed  curve  In  Fig.  7 io  the  to roue -reversed  ourve 
for  r = 0*7*  In  Fig.  7(a),  the  point  has  been  allowed  to 
travel  past  this  curve  to  the  ourve  for  r = 0.6  before  the 
torque  Is  reversed.  The  point  then  moves  on  a trajectory 
which  would  result  In  an  error  equal  to  0.2  eQ  at  the  point 
of  aero  error  rate.  The  torque  is  reversed  again,  howevei , 
at  a ourve  corresponding  to  r = 0.8,  and  the  output  shaft 
1b  again  accelerated.  The  cycle  of  acceleration  and  decele- 
ration is  repeated  until  the  point  reaches  the  origin. 

In  Fig.  7(b),  switching  occurs  on  curves  for  which 
r = 0.66  and  0.74.  The  number  of  oscillations  about  the 
torque-reversal  curve  (r  = 0.7)  has  increased  and.  the  decrease 
in  error  between  switching  operations  has  been  reduced. 

The  switching  procedure  described  1b  artificial  and 
no  attempt  is  made  to  Interpret  it  physically;  it  1b  used 
to  provide  an  easily  defined  limiting  process  which  ^111 
explain  system  operation  for  ideal,  instantaneous  switching. 

In  the  limit,  switching  takes  place  at  the  curves  r = 0.7  4 €, 
with  € approaching  zero;  the  point  thon  makes  a large  number 
of  small  oscillations  about  the  torcue -reversal  carve.  In 
effect,  the  point  follows  the  to roue -reversal  curve,  along 
whloh  e and  e are  given  by  5c,  (68).  (woodless  to  say,  this 
behavior  io  physically  impossible  and  even  a close  approxi- 
mation would  impose  severe  demands  on  the  relay *) 


*'ftv 
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For  r < 0.5t  the  orror  la  given  by  *q.  (70)  until  the 
point  reaches  the  torque -reversal  curve*  The  trajectory  then 
becomes 


e 


(71) 


which  applies  until  the  next  intersection  with  tho  torque- 
reversal  curve e at  tine  ty  Here  e2  denotes  the  error  at 
time  t2  when  the  error  rate  is  zero;  the  voluo  of  e2  is 


•a  = «0  ~ a (i  - r)  o0 

= eG  (2r  - 1) 


At  the  noxt  switching  point, 

a3  = r *2 

and  it  may  be  concluded  that,  in  general, 


(72) 


(73) 


(74) 

(75) 


Equations  (74)  and  (75)  furnish  the  error  at  every  ov'itehing 
point  and  every  crossing  of  the  horizontal  axis.  The  trajectories 
Joining  these  points  are  all  parts  of  a parabolic  curve  along 
which  e varies  as  b^/ 2.  This  curve  can  bo  plotted  once  on  a 
separate  shoot  of  graph  paper  and  traced  to  obtain  the  phase- 
plane  plots. 

Fhaso-plone  plots  for  r = 0.2,  0*3,  0.4,  0.6,  0.7,  and 
0.8  aro  given  in  Fig.  8;  the  plot  for  r = 0.5  is  found  in 
Fig.  2. 
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JSagEsa&a.  firi&acl* 

Curve  a showing  error  as  a function  of  time,  baaed  on  the 
phase-plane  plots,  are  given  in  Fig.  9 for  a unit  initial  error 
and  r = 0.7  and  0.3*  As  would  be  expected  from  the  phase-plans 
plots,  tho  error  decreases  slowly  and  monotonioally  for  r>  0.5, 
resulting  in  an  increased  response  time.  For  r < 0.5,  the  error 
decreases  to  zero  in  a sorios  of  osoillations  of  diminishing 
period. 

The  integrated  absolute  and  squared  error  was  determined 
numerically  from  curves  similar  to  those  of  Fig.  9;  the  results 
are  given  in  Fig.  10  as  functions  of  k and  r.  The  relation 
between  k and  r may  be  derived  in  the  following  way.  At  the 
first  switching  point, 

ex  = r eQ  = k e^2  (76) 

from  Eqs.  (68)  and  (69).  The  error  rate  at  thlo  point  is  also 
given  by 

ex2  = 2 (1  - r)  e0  (77) 


from  Sqs.  (69)  and  (70).  Eliminating  e^,  wo  ootaln 

^ - r 

k - Mi  - r) 


or 


r = 


2 k 

1 + 2k 


(78) 

(79) 


A linear  scale  was  used  for  k,  since  it  is  likely  to  be  the 
constant  which  is  changed  in  adjusting  the  system. 
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Unlike  the  error  integrals,  the  reaponse  time  la  easily 
computed  and  expressed  in  olosod  fern: . From  £q*  (5)#  the  tin* 


required  to  reach  the  first  switching  point  is 


tl  * 


Cl  - r)  e. 


(80) 


For  r ^0.5,  the  time  required  to  next  reach  aero  error  rate, 
which  night  he  considered  as  the  time  for  a half  cycle  of  the 
oscillation,  is 


t2  5 2 tx  = 2- 


(1  - r)  e. 


(81) 


Py  analogy,  the  time  required  for  subsequent  half  oyoles  will 


t4  . t2  = 2* 


tg  - t4  = 2' 


*8  * *5  = 2‘ 


U - r)  |e<!| 
(1  - r)  e4 
(1  - r)  |a6| 


(82) 


(83) 


(84) 


and  so  forth.  The  absolute  value  marks  are  introduced  to  avoid 
difficulty  with  signs,  since  eg,  e^,  e1Q.  •••  are  negative. 
The  response  time  is  the  sum  of  an  infinite  number  of  such 


intervale,  or 


(85) 


Response  Time  = 2 3/2  V 1 ■ r hf®7  +Vh  +V®4  +VkT 


However,  from  So.  (75),  wo  have 


aP  = (2r  - 1)  e. 


(86) 


e4  = (2r  - 1)  e2  = (2r  - l)2  ec 


(87) 


= (2r  - 1)  64  = 


(2r  - 1)3 


(88) 
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and  so  forth,  impressing  3q.  (85)  entiroly  in  terns  of  eQ, 
and  writing  (1  - 2r)  instead  of  (2r  - 1)  in  order  to  account 
for  the  absolute  value  marks,  the  response  time  is  found  to 


(89) 

Responso  Time  = 2^2  (1  - r)  °o  ^ * * 56  + z2  + z^  + •*• 

where  z = (1  - 2r)^2  (90) 

This  series  is  an  infinite  geometric  progression,  whose  sum 
lo“ 


Responso  Time 


,3/2  T|l  - r 


(91) 


provided  that  0 < r 4 0.5* 

For  0.5  4>  r < 1.0,  a different  approach  is  used,  based 
on  the  relation 

f 0 

Response  Tima  = + I (92) 

J e^  ® 


The  error  rate  along  the  torque-reversal  curve  may,  by  means 
of  3q.  (68),  be  expressed  as 


with  the  result  that 


(93) 


Response  Time 


+ 


°1 


(94) 


Equation  (94)  reduces,  using  Bqs.  (80),  (78),  and  (69),  to 


Response  Timo 


(95) 
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Squat  ions  (91)  and  (95)  give  tha  response  time  for  any 
value  of  r between  zero  and  unity,  3q.  (91)  being  used  for 
oaaeo  of  late  switching  and  £q.  (95)  for  early  switching. 
Values  computed  from  these  equations  are  given  in  Fig.  11. 
Also  shown  in  this  figure  are  other  values  of  time  at  which 
the  error  is  zero,  taken  from  ourvea  similar  to  those  of 
Fig.  9. 

The  response  time  is  finite  except  for  r = 0,  which 
means  a sustained  oscillation,  and  r = 1,  v/hioh  corresponds 
to  no  reduction  of  Initial  error  whatever.  The  response  time 
increases  rapidly  as  r la  reduced  below  one-half,  the  correct 
value,  and  increases  slowly  with  increasing  r.  On  the  basis 
of  these  observations,  any  error  in  the  adjustment  of  the 
nonlinear  lead  network  should  be  made  in  the  direction  of 
early  switching}  this  conclusion  would  be  strengthened  by 
consideration  of  relay  operating  time,  omitted  In  this 
study. 

Since  the  nature  of  the  response  does  not  depend  on  the 
initial  error,  the  curves  shown  in  Figs.  10  and  11  may  be 
oorreoted  by  the  use  of  Scs.  (12),  (15)*  and  (14)  for  other 
values  of  J,  Tm  or  e0«  The  dependence  of  response  time. 
Integrated  absoluto  error,  and  Integrated  squared  error  on 
J/Tm  and  e0  is  not  affected  by  errors  In  k. 


VI.  BOUNDARY  SHAPE 


Given  a biased-diodo  not ’work  which  provider;  a voltage 
proportional  to  e^,  it  should  be  relatively  easy  to  adjust 
the  const  ant  of  proportionality  to  obtain  the  correct  torque- 
reversal  curve  and  the  desired  switching  behavior.  The  real 
difficulty  is  the  design  of  a network  to  produce  an  accurate 
square-la*  relationship  between  input  error  rate  and  output 
voltage. 

In  the  following  discussion,  the  tortvue -reversal  curve 
is  therefore  token  os 


in  general,  or 


(96) 


(97) 


in  the  fourth  quadrant.  If  OC  is  1 or  3,  the  oases  which  are 
seleoted  for  study,  the  absolute  value  marks  in  £c.  (97)  oan 
be  omitted  and  a minus  sign  substituted  for  the  plus  sign.  The 
coefficient,  l/2»  baa  been  ohoaen  to  make  the  torque -reversal 
curve  pass  through  the  point  (1/2,  -1)  as  the  correct  curve 
does;  tho  curve  does  not  coincide  with  the  correct  curve  for 
other  values  of  e and  e.  As  before,  the  special  case  Tffl  = J = 1 
is  considered. 

The  analytloal  procedure  adopted  is  essentially  graphical; 
the  torque-reversal  curve  is  plotted  directly  from  Eq.  (97)  and 
represent at ivo  trajectories  are  traced,  using  curves  plotted 
from  2qo.  (70)  and  (71) . oome  typical  phaso -plane  plots  ore 
given  In  Figs.  12,  13,  and  14. 


- 30  - 


For  OC  = 1,  the  switching  network  1b  effectively  & linear 
lead  network  whose  properties  have  been  studied-*  »5.  The  point 
starts  out  along  a trajectory  given  by  &q.  (70)  and  intersects 
the  torque-reversal  ourve  (now  a straight  line)  for  the  first 
time  at  values  of  e and  e obtained  by  solving  simultaneously 


• 2 

' 


(98) 


from  £q.  (70)  and 


(99) 


from  Eq.  (97) . The  error  at  the  first  switching  point  is 


el  = 


- 1 t-Vl  ♦ 8et 

4 


(100) 


Several  types  of  response  may  be  distinguished,  depending 

4 

on  the  initial  error* 

(a)  If  e0£  3/8,  the  point  follows  tho^jto rque -reversal 
ourve  to  the  origin  after  its  intersection  with  the 
curve  at  time  t^.  Since  the  error  rate  is  directly 
proportional  to  the  error  along  the  torque-reversal 
ourve,  the  error  decreases  exponentially  with  time. 

(b)  If  3/6  <eQ<  l,  the  point  leaves  the  ourve  along 
a trajectory  which  could  be  expressed  by  Eq.  (71)* 
with  e2  positive,  intersecting  the  torque-reversal 
ourve  again  la  the  fourth  ouadrazzt;  it  then  follows 
the  torque-reversal  curve  to  the  origin. 
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(o)  If  eG  = 1,  the  point  leaven  tho  torque -revere al 


curve  along  the  trajectory 


(101) 


v/hioh  la  a particular  case  of  Sq.  (71)  end  reaches 
the  origin  without  further  switching  and  in  a finite 
time* 

(d)  If  eo>lt  the  point  leaves  the  torque -reversal 
curve  along  trajectories  given  by  Sq.  (71)  and 
arrives  at  zero  error  rate  with  an  error  equal  to 


This  error  may  be  taken  as  a new  initial  error  and 
teste  (a) -(d)  again  applied. 


•flth  a linear  lead  network,  therefore,  large  initial  errors 
are  reduced  in  an  oscillatory  fashion  at  first,  followed  by 
an  exponential  decrease  to  zero;  small  initial  errors  win 
result  in  a monotonio  response. 

For  CC=  3,  the  torque -reversal  curve  is  closer  to  the 
horizontal  axis  than  the  oorrect  curve  for  large  errors.  After 
the  first  intersection  of  the  trajectory  with  the  torque- 
reversal  curve,  two  types  of  behavior  may  be  noted: 

(a)  For  eQ  > 10/27,  the  trajectories  coincide  with  the 
t orquo -reversal  curve  until  the  error  is  4/27;  at 
this  point  a series  of  oscillations  begins. 

(b)  For  ©0  ^ 10/27,  all  trajectories  reach  the  origin 
as  the  result  of  a sorlos  of  oscillations. 


" ** 

In  this  case,  largo  Initial  errors  are  reduced  in  a raonotocie 
fashion  at  first,  followed  by  an  oscillatory  decrease  to  aero. 

The  oriticol  initial  error,  10/27,  ia  obtained  in  the 
following  way.  Consider  a point  on  the  torcue -reversal  curve; 
draw  through  this  point  a trajectory  corresponding  to  a 
decelerating  torque.  If  motion  along  this  trajectory  would 
cause  the  point  to  immediately  enter  the  region  of  accelerating 
torque,  the  point  will  abandon  this  trajectory  and  follow  the 
torquo -reversal  curve,  as  discussed  earlier  (p.  23).  If  motion 
along  this  trajectory  oauses  the  point  to  remain  in  a region 
of  decelerating  torque,  the  point  will  follow  the  trajectory 
until  its  next  intersection  'with  the  torque -reversal  curve. 

A special  situation  is  evidently  obtained  if  the  trajectory 
coincides  locally  with  the  torque-reversal  curve,  that  la,  if 
the  rate  of  change  of  e with  4 along  the  trajectory  is  the 
same  as  the  rate  of  change  of  aa  with  es  along  the  torque- 
reversal  curve.  Stated  mathematic  ally , thie  situation  requires 


de 

deB 

(103) 

d4 

1*8 

de 

a 

or 

di 

dea 

(104) 

de 

*8 

d0s 

For  «=  3,  the  torque -rovers  al  curve  is 


e — $.3  t (105) 

0 2S 

a typical  decelerating  trajectory  is 


e. 


o 


+ 


4" 

2 


(71) 


Applying  3q.  (103)  and  specifying  that  a in  3q.  (?1)  be  taken 
at  a point  on  the  torque -reversal  curve,  we  obtain 


or  e 

a 

At  thie  point,  the  error  is 


(106) 

(107) 


(100) 


From  Eq.  (70) , the  corresponding  initial  error  is  found  from 


4 

“2T 

which  gives 


(109) 


e 


o 


02- 

27 


(110) 


This  analysis  serves  to  determine  exactly  a critical  initial 
error  whose  approximate  magnitude  is  easily  obtained  by  use 
of  graphical  methods. 


Response  Criteria 

ad'he  phase-plane  plots  furnish  a complete  description  of 
the  system  response  and  can  be  used  to  derive  curves  of  error 
as  a function  of  time  to  which  the  various  response  criteria 
can  be  applied.  -Vhlle  it  would  be  possible  to  construct  these 
curves  entirely  from  the  phoso-plane  plots,  it  is  probably 
more  satisfactory  to  obtain  only  certain  crucial  facts  from 
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the  phase-plane:  the  error  and  error  rate  whore  trajectories 
arrive  at,  or  depart  from,  the  torque-reversal  curve , and  the 
error  at  points  on  the  trajectories  for  which  the  error  rate 
is  zero*  This  data  may  be  ue?c  connection  with  equations 
for  error  os  a function  of  time  to  obtain  the  desired  curves* 
i«'hen  the  trajectories  do  not  coinoide  with  the  torque- 
reversal  curve,  the  error  con  be  calculated  from  Eq.  (3),  using 
appropriate  initial  conditions*  For  OC=  1*  the  time  variation 
of  the  error  la  given  by  the  differentia],  equation 

o ♦ e = 0 (111) 

when  the  point  describing  the  syotem  id  following  the  torcue- 
revoro&l  curve*  This  equation  has  the  solution 

e = K e"2(t  “ ***  (112) 

where  K la  tha  error  at  time  t^  *daen  thiB  solution  is  first 
applicable;  this  solution  applies  from  the  time  tk  to  infinity, 
whon  the  error  is  zero. 

For  0C=  3,  the  time  variation  of  the  error  along  the 
torque-reversal  curve  can  be  found  from 

dt  = (113) 

e 

and  the  equation,  obtained  from  Eq*  (97), 


(114) 
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The  resulting  equation  for  error  le 

t - t,  = — 2_  e,S/;>  - e2/5  (115) 

1 2VJ  [ 1 J 

where  le  again  the  error  at  tine  t^  v/hen  the  first  switching 
occurs;  this  equation  applies  until  the  error  is  reduced  to 
4/27.  It  may  he  noted  that  the  orror  values  to  be  substituted 
in  this  equation  ore  less  than  e^. 

Typical  curves  of  error  as  a function  of  time  for  a 
particular  initial  error  ore  given  in  Pig.  15*  For  of  = 1,  there 
is  one  overshoot t followed  by  on  exponential  doorcase  to  zero; 
for  oc  = 3,  tho  error  decreases  to  zero  in  a series  of  oscilla- 
tions of  diminishing  period.  Hooponse  times  estimated  from  a 
family  of  'ri^ilar  curves  ore  given  in  Fig.  15A  for  both  (X  = 3 
and  the  ideal  system  ( o<  = ?.)• 

A system  with  & linear  load  network  { oc  = l)  has  the  very 
interesting  property  that  its  response  time  Is  finite  for  a 
discrete  set  of  initial  errors  (eQ  =1,  3,  5,  •••)  and  infinite, 
theoretically  speaking,  for  all  others.  Practically,  of  course, 
the  error  is  negligibly  small  in  a reasonable  time;  tho  meaning 
of  "negligible*  however,  is  a aubjoctivo  matter  and  therefore  a 
curve  of  response  time  as  a function  of  initial  error  for  this 
cose  is  not  very  meaningful.  For  thi3  reason  tho  curve  is  not 
presented. 

No  difficulty  arises  in  the  determination  of  the  intograted 
aboolute  or  squared  error.  Values  of  those  integrals,  obtained 
numerically  from  the  response  curves,  ore  given  ifc  Fig.  16  as 
functions  of  OC  with  the  initial  orror  as  a parameter.  VLilo 
OC  = 2 is  clearly  tho  optimum  value,  tho  integrated  errors  arc 
relatively  independent  of  c<  for  email  initial  errors s 
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VII.  CONCLUSIONS 


Ssg&a 

Moderate  deviations  of  the  system  parameters  from  their 
optimum  values  can  be  permitted  without  much  sacrifice  In 
the  performance  of  the  system  „ *o  measured  by  the  response 
time,  Integrated  absolute  error,  or  Integrated  squared  error 
for  a step  input* 

Friction 

A surprisingly  large  Coulomb  friction  torque,  up  to 
50  per  cent  . can  be  tolerated  if  a simple  adjustment  is  mode 
in  the  switching  device*  Viscous  friction  is  not  significant 
for  small  errors,  that  is,  errors  which  can  be  reduced  to 
aero  without  reaching  the  maximum  available  speed,  if  a 
similar  adjustment  is  made* 

Switching 

The  torque -reversal  curve  should  be  designed  to  have  an 
approximately  "parabolic"  shape  and  the  correct  location  in 
the  phase  plane;  imperfections  in  the  switching  device  are 
leae  serious  if  they  result  in  "early"  switching. 

Response  Criteria 

The  time  required  for  the  error  to  become  zero  after  a 
step  disturbance  is  a satisfactory  measure  of  system  quality, 
provided  the  time  is  finite*  If  the  time  is  not  finite,  the 
integrated  absolute  or  squared  error  provides  an  objootlve 
criterion*  Since  the  Integrated  absolute  error  is  easier  to 
calculate  and  is  minimized  by  the  same  parameter  values  which 
minimize  the  integrated  squared  error,  its  use  is  recommended1^ 
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